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Abstract: In this paper we prove a large deviation principle for the empirical drift of a one- 
dimensional Brownian motion with self-repellence called the Edwards model. Our results extend 
earlier work in which a law of large numbers, respectively, a central limit theorem were derived. In 
the Edwards model a path of length T receives a penalty e~ l3HT , where Ht is the self-intersection 
local time of the path and j3 <E (0, oo) is a parameter called the strength of self-repellence. We 
identify the rate function in the large deviation principle for the endpoint of the path as /3§ J(/3~3 •), 
with J(-) given in terms of the principal eigenvalues of a one-parameter family of Sturm-Liouville 
operators. We show that there exist numbers < b** < b* < oo such that: (1) / is linearly decreasing 
on [0,6**]; (2) / is real-analytic and strictly convex on (6**,oo); (3) I is continuously differentiable 
at &**; (4) I has a unique zero at b* . (The latter fact identifies b* as the asymptotic drift of the 
endpoint.) The critical drift 6** is associated with a crossover in the optimal strategy of the path: 
for b > b** the path assumes local drift b during the full time T, while for < b < b** it assumes 
local drift b** during time b **+ b T and local drift — b** during the remaining time fc **~ fe T. Thus, 
in the second regime the path makes an overshoot of size b 2 ~ b T in order to reduce its intersection 
local time. 



2000 Mathematics Subject Classification. 60F05, 60F10, 60J55, 82D60. 

Keywords and phrases. Self-repellent Brownian motion, intersection local time, Ray-Knight Theorems, 
large deviations, Airy function. 

department of Applied Mathematics, Delft University of Technology, Mekelweg 4, 2628 CD Delft, The Netherlands. 
Present address: Department of Mathematics and Computer Science, Eindhoven University of Technology, P.O. Box 
513, 5600 MB Eindhoven, The Netherlands, rhofstad@win.tue.nl. 

3 EURANDOM, P.O. Box 513, 5600 MB Eindhoven, The Netherlands, denhollander@eurandom.tue.nl 

4 Institut fur Mathematik, TU Berlin, Strafie des 17. Juni 136, D-10623 Berlin, Germany, koenig@math.tu-berlin.de 



2 



REMCO VAN DER HOFSTAD, FRANK DEN HOLLANDER, WOLFGANG KONIG 



1. Introduction and main results 



1.1 The Edwards model 

Let B = (Bf)t>o be standard Brownian motion on R starting at the origin (Bq = 0). Let P be the 
Wiener measure and let E be expectation with respect to P. For T > and f3 £ (0, oo), define a 
probability law Qj, on paths of length T by setting 



f Tl 



dP 



-f3H T [ 



z, 



E(e 



where 



Ht [(B t )te[o.T]} = [ du f dv 6(B U - B v ) = [ dx L(T, 
Jo Jo Jr 



(1.1) 



(1.2) 



is the Brownian intersection local time up to time T. The first expression in ( |l.2| ) is formal only. In 
the second expression the Brownian local times L(T,x), x G R, appear. The law Qj, is called the 
T-polymer measure with strength of self-repellence j3. The Brownian scaling property implies that 



(1.3) 



It is known that under the law the endpoint -By satisfies the following central limit theorem: 

Theorem 1.1 (Central limit theorem). There are numbers a*,b*,c* £ (0, oo) such that for any (3 £ 
(0,oo): 

(i) Under the law Qj., the distribution of the scaled endpoint (\Bt\ — b* (3^T) / c* \/T converges weakly 
to the standard normal distribution. 



(ii) hniT^oo i log Z£ = -a* ft 



Theorem LI is contained in [ vdHdHK97 , Theorem 2 and Proposition 1]. For the identification of 



a*,b*,c*, see (2.4) below. Bounds on these numbers appeared in [vdH98, Theorem 3]. The numerical 
values are: a* ~ 2.19, b* ~ 1.11, c* ~ 0.63. The law of large numbers corresponding to Theorem l.l(i) 
was first obtained by Westwater [ W84| (see also fvdHdH95| , Section 0.6]). 

The main object of interest in the present paper is the rate function Ip defined by Q 



Mb) 



lim -logE(e~ (3HT 



'11 



{B T ^bT} 



lim 



^log{z^(B T ^bT)}, be 



(1.4) 



where Bt ~ bT is an abbreviation for \Bt — bT\ < 7t for some jt > such that jt/T — > and 
jt/VT — ► oo as T — > oo. (We will see that the limit in (|1.4| ) does not depend on the choice of jt-) It 
is clear from (1.3) that 

p-hp(ph) = h (&), b>0, (1.5) 
provided the limit in (|0|) exists for = 1 and b > 0. Moreover, 

= 6), & < 0. (1.6) 
Therefore, we may restrict ourselves to (3 = 1 and 6 > 0. In the following we write / — I\ . 



Tn fact, 1/3 differs by a constant from what is usually called a rate function. This constant is liniT^oo y log .2^ = 
*/?3 (see Theorem [Tl](ii)). Hence, Ip — a*/3a is the true rate function. 
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1.2 Main results 

Our first main result says that I exists and has the shape exhibited in Fig. 1. [] 

Theorem 1.2 (Large deviations). Let (3 = 1. 

(i) For any b > 0, the limit lib) in ( |1.4 ) exists and is finite. 

(ii) / is continuous and convex on [0,oo), and continuously differentiate on (0, oo). 

(hi) There are numbers a** G (a*,oo), b** G (0,6*) and p{a**) G (0, oo) such that 1(0) = a**, I is 
linearly decreasing on [0,6**] with slope —p(a**), is real-analytic and strictly convex on (6**,oo) ; 
and attains its unique minimum at b* with I(b*) = a* and I"(b*) = 1/c* 2 . 

(iv) /(6) = \b 2 + 0(b~ l ) as 6 -» oo. 



1(b) 




6** 6* 
Fig. 1. Qualitative picture of b i— > 1(b). 



The linear piece of the rate function has the following intuitive interpretation. If 6 > 6**, then the 
best strategy for the path to realize the large deviation event {Bt ~ 6T} is to assume local drift 6 
during time T. In particular, the path makes no overshoot on scale T, and this leads to the real- 
analyticity and strict convexity of / on (6**, oo). On the other hand, if < 6 < 6**, then this strategy 
is too expensive, since too small a drift leads to too large an intersection local time. Therefore the best 
strategy now is to assume local drift 6** during time b 2h fJ J T and local drift —6** during the remaining 
time b 2 b** b T. In particular, the path makes an overshoot on scale T, namely, b and this leads 

to the linearity of / on [0, 6**]. At the critical drift 6 = 6**, I is continuously differentiable. 

For 6 — > oo, 1(b) is determined by the Gaussian tail of Bt because the intersection local time Ht 
vanishes. 



For the identification of a**, 6**, p(a**), see ( |2.5[) below. The numerical values are: a** ~ 2.95, 
6** ~ 0.85, p(a**) ~ 0.78. These estimates can be obtained with the help of the method in [vdH98|. 



There is an intimate connection between the rate function / and the two moment generating func- 
tions A + , A~ : R — >• R given by 

A+Ou) = T lim ) ^log£;(e-^e^ll {BT >o } ) 5 (1.7) 



In [MS87, Corollary 2.6 and Remark 2.7] it was proved that liniT^oo ^ \ogE(e Ht \ Bt = 0) = —a**, which essen- 



tially gives the existence of 7(0) with value a** . Furthermore, the existence of I(b*) with value a* follows from our earlier 



work [vdHdHK97, Proposition 1] 



4 REMCO VAN DER HOFSTAD, FRANK DEN HOLLANDER, WOLFGANG KONIG 

and the same formula for A _ (/z) with 1{ Bt>0 } replaced by tfB T <o}- Obviously, A + (— /x) = A~(/i) for 
any /igl, provided one limit exists. 

Our second main result says that A + exists and has the shape exhibited in Fig. 2, and that its 
Legendre transform is equal to / on [0, oo). 

Theorem 1.3 (Exponential moments). Let [3 = 1. 

(i) For any the limit A + (^) in ( |1.7| ) exists and is finite. 

(ii) A + equals —a** on ( — 00,-/9(0**)], is real- analytic and strictly convex on (— p(a**), 00), and 
satisfies lim Mi _ p(a « ) (A + ) / (^) = 6**. 

(hi) A + (fi) = + C(/i _1 ) as fi -> 00. 

(iv) The restriction of I to [0, 00) is the Legendre transform of A + , i.e., 

1(b) = max [6m- a+ (^)], 6 > 0. (1.8) 




Fig. 2. Qualitative picture of 1— > A + (/i). 

As a consequence of Theorem |L^(ii), the maximum on the right-hand side of ( Q| ) is attained at 
some > — p(a**) if 6 > 6** and at // = — p(a**) if < b < b**. Analogous assertions hold for A - , in 
particular, the restriction of / to (— 00, 0] is the Legendre transform of A - . Since A _ (/i) = A + (— fi), 
the moment generating function equals 

A(m) = lim l-\ogE(e- HT e^ BT ) = max{ A + (fi) , A - (/1)} = A + (\fx\), (1.9) 

which is symmetric and strictly convex on IR, and non-differentiable at 0, with A(0) = —a* and 
lim^oA'^) = b*. 

The outline of the present paper is as follows. In Section ^ we introduce some preparatory material 
that will be needed in the sequel. Two basic propositions are presented in Section ^: a representation 
for the probabilities of certain events under the Edwards measure, and an integrable majorant under 
which the dominated convergence theorem can be applied. In Section Q we carry out the proofs of 



Theorems 1.2-1.3. Some more rehned results about the Edwards model (which will be needed in a 
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forthcoming paper [ ydHdHK02(| ) appear in Section || Finally, Section |6| contains a technical proof of 



a result used in Section |5[ 

2. Preliminaries 



In this section we provide some tools that are needed for the proofs of our main results in Section 1.2 



These tools are taken from |vdHdH95 ], [vdHdHK97] and references cited therein. Section 2.1 intro 



duces the Sturm-Liouville operators that determine the constants. Section [2^ provides the ingredients 
that are needed for the formulation of the Ray-Knight Theorems (describing the joint distribution of 
the endpoint and the local times), and contains a mixing property. Section |2^ gives a spectral de- 
composition of a function describing the "overshoots" of the path (i.e., the pieces outside the interval 
between the starting point and the endpoint) in terms of shifts of the Airy function, which plays an 
important role in various estimates. 

2.1 Sturm-Liouville operators and definition of the constants 

In [|vdHdH95 , Section 0.4] we introduced and analyzed a family of Sturm-Liouville operators 



)C a : L 2 [0, oo) n C 2 [0, oo) -> C[0, oo), indexed by a G R, defined as 

(lC a x) (h) = 2hx"(h) + 2x'(h) + (ah - h 2 )x(h), h>0. (2.1) 

The operator KL a is symmetric and has a largest eigenvalue p(a) £ R with multiplicity one. The 
corresponding strictly positive (and L 2 -normalized) eigenfunction x a : [0, oo) — > (0, oo) is real-analytic 
and vanishes faster than exponential at infinity, more precisely, 

lim h-hogx a (h) = -^. (2.2) 

The eigenvalue function p: R — > R has the following properties: 

(a) p is real-analytic; 

(b) p is strictly log-convex, strictly convex and strictly increasing; (2.3) 

(c) \im al _ 00 p(a) = -oo,p(0) < 0, lim^oo p(a) = oo. 

In terms of this object, the numbers a* ,b* , c* appearing in Theorem [O] are defined as 

p(a*) = 0, b* = —-, c * 2 = ^-^r, (2.4) 



while the numbers a** , b** appearing in Theorem |l.2j are defined as 



2? (-oo), b** = —^—, (2.5) 



where ao (~ —2.3381) is the largest zero of the Airy function: 

Ai is the unique solution of the Airy differential equation 
y"(h) = hy(h) that vanishes at infinity. 

/.From [vdHdHK97, Lemma 6] we know that a* < — ao- Therefore a** > a*, which in turn implies 



(2.6) 



that b** < b*. 



2.2 Squared Bessel processes, a Girsanov transformation, and a mixing property 

The basic tools in our study of the Edwards model are the Ray-Knight Theorems, which give 
a description of the joint distribution of the local time process (L(T, x)) x£ r and the endpoint Bt- 
These will be summarized in Proposition |3.l| below. The key objects entering into this description are 
introduced here. 

The first key ingredients are: 
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(i) a squared two-dimensional Bessel process (BESQ 2 ), X = (X v ) v >o, 

(ii) a squared zero-dimensional Bessel process (BESQ ), X* = [X*) v >o, 

and their additive functionals 

A(t)= [ X v dv, A*(t)= [ X*dv, t>0. (2.7) 
Jo Jo 

The respective generators of BESQ 2 and BESQ are given by Q 

Gf(h) = 2hf"(h) + 2f'(h), G*f(h) = 2hf"(h), (2.8) 

for sufficiently smooth functions /: [0, oo) — > R. For /i > 0, we write P/i and P£ to denote the 
probability law of X and X* given Xq = h and Xq = h, respectively. BESQ 2 takes values in 
C + = C + [0, oo), the set of non-negative continuous functions on [0, oo). It has as an entrance 
boundary, which is not visited in finite positive time with probability one. BESQ takes values in 
Cq = Cq [0, oo), the subset of those functions in C + that hit zero and afterwards stay at zero. It has 
as an absorbing boundary, which is visited in finite time with probability one. 

The second key ingredient is a certain Girsanov transformation, which turns BESQ 2 into a diffusion 
with strong recurrence properties. Namely, the process (Dy )y>o defined by 

= r_ r y [{Xv) 2_ aXv + p{a)]dv \ y > 0) (29) 

x a\^-0) ^ JO } 

is a martingale under P^ for any h > and hence serves as a density with respect to a new Markov 
process in the sense of a Girsanov transformation. More precisely, the transformed process, which we 
also denote by X = (X v ) v >q, has the transition density 

P^h 1 ,h 2 )dh 2 = E hl (D ( fl {Xyedh2} ), y,h 1 ,h 2 >0. (2.10) 

We write P^ to denote the probability law of the transformed process X given Xq = h. This trans- 
formed process possesses the invariant distribution x a (h) 2 dh, and so 

/•oo 

P a = / dhx a (h) 2 F a h (2.11) 
Jo 

is its probability law in equilibrium. The transformed process is reversible under P a , since BESQ 2 is 
reversible with respect to the Lebesgue measure. Hence, x a (hi) 2 Py(h\, h 2 ) is symmetric in h\, h 2 > 
for any y > 0. 

The third key ingredient is the time-changed transformed process Y = X o A^ 1 = (^A~ 1 (t))t>o- 
We write P^J to denote the probability law of Y given Yq = h. This process possesses the invariant 
distribution -pj^hx a {h) 2 dh, and so 

P a = — - / dh hx a {h) 2 ¥ a h (2.12) 
PW Jo 

is its probability law in equilibrium. Both transformed processes X and Y = X o A^ 1 are ergodic. 

The following mixing property will be used frequently in the sequel. By (•, •) we denote the inner 
product on L 2 = L 2 [0,oo), and we write (f,g) = f °° dhhf(h)g(h) for the inner product on L 2 
weighted with the identity. The latter space will be denoted by L 2, ° = L 2,o [0, oo). 



7 BESQ° is sometimes called Feller's diffusion. 
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Proposition 2.1. Fix a£l and fix measurable functions f,g: [0, oo) — > M suc/i i/tai //id, 5 G L 2, °. 
For any family of measurable functions f s ,gs'- [0, 00) — > M ; s > 0, such that f s /id,g s G L 2, ° ; s > 0, 
and f s ^f:9s^9 as s —> 00 uniformly on compacts and in L 2 '° , and for any family a s , s > 0, such 
that a., — > a as s — > 00, 



limE . ll( W)i!|) =(/)Ia) J_ ( ,, Xa)c 
^ as (X )x as (y s )/ p'(a) 



(2.13) 



This proposition is a slight extension of Proposition 3 in [ vdHdHK97] ]; we omit the proof. 



2.3 BESQ , the Airy function, and a spectral decomposition 

For a < a**, introduce the function y a : [0, 00) — > (0, 00] defined by 

y a (h) =E* h (e^ [aX -- (x * )2]dv Y (2.14) 

(As a consequence of ( p. 17 ) and Proposition 2.2 below, the expectation on the right-hand side is 
infinite for a > a**.) It is known (see | vdHdHK97 |, Lemma 5) that y a is equal to a normalized scaled 
shift of the Airy function Ai: 

Ai(2~s(/i-a)) 



Va{h) 



Ai(-2~3a) 



h>0, 



(2.15) 



It is well-known (see [ E56 , p. 43] and ( |6.2| ) below) that y a vanishes faster than exponential at infinity: 

lim h~% logy a (h) = 

h— >oo o 

An important role is played in the sequel by the function w: [0, oo) 2 



(2.16) 



[0, 00) defined by 



w(h, t) dt = El (e- /o°°(^) 2 dv l {A , (oo)edt} 



(2.17) 



It is easily seen from (2/7) and ( 2.14 ) that f Q °° dt e at w(h,t) = y a (h) for a < a**. We also have the 
following representation for w(h,t) derived in [ |vdHdHK97| , Lemma 7]: 



w(h, t) 



<Ph(t) 



Eh _(e- 2 ti B ° ds 

Pk(T G dt) 
2 _ 

dt 



To = t) ifh(t), 



?7r) at 2 he 



(2.18) 



(2.19) 



with To = inf{i > 0: Bt = 0} the first time B hits zero. (We write Ph and Eh for probability and 
expectation with respect to standard Brownian motion B starting at h > 0, so that P = Po, E = Eq.) 

We will need the following expansion of the function w in terms of shifts of the Airy function: 



Proposition 2.2. 

(i) For any e > 0, 



w(h, i) = £ e a(k) ^ H-, e), e fc (-)> e fc (/i), h > 0, i > e, 



k=0 



where 



a (fc) = 23a fc , e fc (/») = c fc Ai(2~3 (/i + a (fc) )), /i > 0, 
urat/i afc the k-th largest zero of Ai and u>it/i chosen such that \\ekW2 = 1- 



(2.20) 



(2.21) 
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(ii) There exist constants Ki, K 2 , K3 G (0, 00) such that 

-a (fc) ~ ifiitf, k ->oo, (2.22) 

/ he k (h) 2 dh < K 2 ks VJfc, (2.23) 
Jo 



OC 







(Note that a (0) = -a** by O.J 



^e fc (/i) 2 d/i < £T 3 ^ Vfc. (2.24) 



Proof, (i) The proof comes in steps. We write c for a generic constant in (0, 00) whose value may 
change from appearance to appearance. 

1. Let /C* be the second-order differential operator on Cg° = Cq°[0, 00), the set of smooth functions 
x: [0, 00) — > R that vanish at zero, defined by 

10 II At = 0. 

This operator is symmetric with respect to the L 2 -inner product on Lg = L 2 n Cq^. Furthermore, we 
can identify all the eigenvalues and eigenfunctions of /C* in Lq in terms of scaled shifts of the Airy 
function. Namely, a comparison of ( |2.6|) and (|2.25| ) shows that the k-th eigenspace is spanned by the 
eigenfunction e/~: [0,oo) — ► R given in ( |2.21| ) and the k-th eigenvalue is a (fc) , k G No- 

2. We next show that K* has a compact inverse on I? . Therefore, this inverse has an orthonormal 
basis of eigenvectors in L 2 , and hence the same is true for K.* itself. Consequently, (e/JfceNo is an 
orthonormal basis of I? . This fact will be needed later. 



We begin by identifying the inverse of K*. To do so, we follow [G81]. Let 



1 Aif23ii) 1 

yi(u)=Bi(2?u)-Bi(0) ^ > , y 2 (u) = Ai(2S«), (2.26) 



where Ai is the Airy function and Bi is another, linearly independent, solution to ( |2.6| ) (for the precise 
definitions of Ai and Bi, see [ AS70| , 10.4.1-10.4.3]). Hence, both y\ and y 2 solve )C*y = 0, y\ satisfies 



the boundary condition at zero (yi(0) = 0), while y 2 satisfies the boundary condition at infinity 
(y 2 G L 2 ). Let G: [0, oo) 2 — ► R (Green function) be defined by 

G(u,v) = K yi (u A v)y 2 (u V v) with K = -2y[(0)y 2 (0) . (2.27) 

Let T be the operator on L 2 defined by 



00 



(Ty)(u) = / G(u,v)y(v)dv. (2.28) 
J 

According to [ |G81 , Proposition 2.15], a; = Ty is a weak solution of the equation K,*x = y with boundary 



condition x(0) = 0, for any y G L 2 . In fact, we can adapt the proof of [ G81 , Proposition 9.12] to see 
that r is the inverse of JC*, since K,*x = does not have solutions in I? that satisfy the boundary 
condition x(0) = 0. Hence, we are done once we show that T is a compact operator. 

3. By |G81| , Theorem 8.54], it suffices to show that T is a Hilbert-Schmidt operator, i.e., G is 
square-integrable on [0, oo) 2 . In order to show this, we first note that ( [2.27 ) gives 



00 poo poo f-U 

du dv G 2 (u, v) = 2K 2 / du dv y 2 {u) 2 yi (v) 2 . (2.29) 
Jo Jo Jo 
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Substitute ( ggg ) to see that, since Ai E L 2 , it suffices to show that 

f'OO f'U 

I du dv Ai(u) 2 Bi(v) 2 < oo. (2.30) 
Jo Jo 

Since Bi is locally bounded and Ai G L 2 , the latter amounts to 

/u 
dv Ai(u) 2 Bi(» 2 < oo. (2.31) 

We next use |AS70| , 10.4.59 and 10.4.63], which shows that 

Ai(u) < cu~*e~§^, Bi(u) < cv~hh\ u,v>l. (2.32) 

Hence 

/oo ru i-oo i T u i 4 ,3 3 

du y dw Ai(u) 2 Bi(u) 2 < c A J duu^ J dvv~^e-^~ v ^> . (2.33) 

Use partial integration to see that 

[ U dvv~h-^ J -^ = i [ U dvv-^(e-l( J -^) < VV^ 1 - 1 )]" < \u~\ u > 1. 
Ji 2 Ji dv V / 2 ^2 

(2.34) 

Hence 

/OO /'OO ^ 

du y du Ai(n) 2 Bi(t>) 2 < -c 4 y duu'^ < oo. (2.35) 

This proves that T is a compact operator, so that (ek)keN is an orthonormal basis of L 2 . 

4. To prove the expansion in ( 2.20| ), we now need the following: 

Lemma 2.3. For any e > 0, the function w is a solution of the initial-boundary-value problem 

d t w(h,t) = K*{w(;t))(h), h>0,t>£, 
w(0,t) = 0, t>e, 1 M) 

and the initial value w(-,e) lies in C^ 3 . 

Proof. Use the Markov property at time s > in ( p. 18 ) to see that, for any h > and t > s, 

w(h,t) = En{e- ^ 2B * dv l {To>s} w{2B s ,t - s)). (2.37) 

Now differentiate with respect to s at s = 0, to obtain 

= -hw(h, t) + 2(d h ) 2 w(h, t) - d t w(h, t) = K* (w(-,t)) (h) - d t w(h, t). (2.38) 

This shows that the partial differential equation in (|2.36| ) is satisfied on (0, oo) 2 . It is clear that it is 
also satisfied at the boundary where h = 0, since w(0,t) = for all t > (recall ( |2.17 - 2~T§| )). □ 

5. From fl2.18|) it follows that w(-,e) £ Cq° for any e > 0. A spectral decomposition in terms of the 
eigenvalues (a (fc) )fc e N and the eigenfunctions (ek)keN of JC* shows that ( 2.36 ) has the solution given 
in flDop . 



(ii) In ||AS70| , 10.4.94,10.4.96,10.4.97,10.4.105] the following asymptotics for the Airy function can be 
found. As k — > oo, 



2 1 1 



-afc~c/c3, flfc-i — ak ~ ck s } max |Ai| ~ ck e, |Ai (afc)| ~ cfce. (2.39) 

[a k ,a k -i] 



We will use these in combination with the observation that, by (|2.6| ), Ai is convex (concave) between 
any two successive zeroes where it is negative (positive). 



10 
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The first assertion in ( 2.39]) is ( p. 22 ). To prove fl2.23 -2.24), we write the recursion 

c - 2 =/ Ai(2-3(/j + a (fe) )) 2 dh = c fc 2 1 + 23 / Ai(/i) 2 d/i. (2.40) 

JO Jau 



Using the second and third assertion in (2.39), we find that J® k 1 K\{h) 2 dh x k a and hence that 



k s . In a similar way, we find that 



poo poo 1 

/ hAi(2--i(h + a (k) )) 2 dh < ck, / r Ai(2~s (h + a (k) )) 2 dh < ck* . (2.41) 
Jo Jo h 

Combining ( ^4l|) with (^2l] ) and 2 X k I, we obtain (|]23|-|]2|). □ 



3. TWO BASIC PROPOSITIONS 



In this section we present the basic tools of our proofs. Section 3.1 introduces the Ray-Knight 



Theorems, which give a flexible representation for the probabilities of certain events under the Edwards 



measure. Section 3.2 exhibits an integrable majorant under which limits may be interchanged with 
integrals. 

3.1 Ray-Knight representation 



In this section we formulate the Ray-Knight Theorems that were already announced in Section 2.2 



We do this in the compact form derived in [vdHdHK97, Section 1.2], which is best suited for the 
arguments in the sequel. 

For any measurable set G C Co, define wq ■ [0, oo) x [0, oo) — > R by 



w G (h,t)dt = Et(e~^ {x ^ 2dv l 



{X*eG}H{A*(oo)edt} 



(3.1) 



It is clear that wq is increasing in G. For G = Cq, wc is identical to w defined in ( p.!7| ). 

For y > 0, denote by C + [0,y] the set of non-negative continuous functions on [0,y]. Then the set 
C + = U y >o({y} x y\) is the appropriate state space of the pair (Bt, L(T, B? — -)I[o,Bt]) consisting 
of the endpoint Bt{> 0) and the local time process between the endpoint Bt and the starting point 
0. 

Proposition 3.1 (Ray-Knight representation). Fix a£l. Then, for any T > and any measurable 
sets G + ,G~ C C and F C C, 



e ^E(e-^ e -^ a )^l {i(TjBr+ . )eG+} l {(BTii(TiBT . 



)| [0 , flT ])eF}ll{L(T,- -)6G-} 



dti / dt 2 K {tl+t2 < T} e 
o Jo 



a(ti+t 2 ) 



(3.2) 



x E a 1 



w G +(X ,ti) w G -{YT- tl ~t 21 t 2 ) \ 

H(^HT- tl -* 2 ),*i [0 , A - HT _ tl _ t2) p^}^^ x a (Y T . tl . t2 ) )■ 



Proof. We briefly indicate how (|3.2| ) comes about. Details can be found in [ vdHdHK97 , Section 1.2]. 
Recall the notation in Section |2.2| . Fix T > 0. Then, according to the Ray-Knight Theorems, for any 
t\,t2,hi,h2 > and y > 0, conditioned on the event 



{B T = y}n{L{T,B T ) = h 1 }n{L(T,0) = h 2 } n { I L(T,x)dx = ti}n{y L(T,-x)dx = t 2 }, 

(3.3) 



B T 
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the joint distribution of the processes 

L(T,B T + -), L(B T - .)| [0 ,„], L(T,-'), (3.4) 
on Cq x C + [0, y] x Cq is equal to the joint distribution of the processes 

X^Cl X(-)\[0,y], X^(-), (3.5) 

under 

F* hl ( • \A*(oo) = ti) <g> P hl ( • = T-t 1 -t 2 ,X y = h 2 ) ® P£ 2 ( • |A*(oo) = i 2 ), (3.6) 

where X is BESQ 2 and X*' 1 , X*' 2 are independent copies of BESQ . In particular, the intersection 
local time in Ql.2| ) has the representation 

F T ^ W / (X*' 1 ) 2 dv+ (X v ) 2 dv + (X*' 2 ) 2 dv. (3.7) 

JO JO JO 

Use ( |2.10| ) for y = A~ l (T—ti—t 2 ) and note that, on the event {A(T— 1\— t 2 ) = y}n{X = h\,X y = h 2 }, 
( |2.9[ ) becomes 

D W = ^454exp|- nx^dvle^-^e-^y, (3.8) 

y So(^l) L JO J 



which implies that 



e aT e -H Te -p(a)B T lay ^^^ M^fa+fel^ fTPC' 1 ) 2 d^- f Q °° (X^' 2 )* dv _ (39) 
X a (h 2 ) V 

Integrate the left-hand side with respect to P and the right-hand side with respect to the measure 
in (|3.6| ), and absorb the term D y a) into the notation of the transformed diffusion. Integrate over 
h\,h 2 > and note that X$ has the distribution x a (hi) 2 dh\ under E a . Finally, use the notation in 



(13.11) , to obtain (|3.2D . □ 



3.2 Domination 

In order to perform the limit T — > oo on the right-hand side of ( |3.2| ) , we will need the dominated con- 
vergence theorem to interchange this limit with the integrals over t\ and t 2 . The following proposition 
provides the required domination. 

Proposition 3.2 (Domination). For any a S) s > 0, in a compact subset of (—oo, a**), the map 

( tl ,t 2 ) ~ sup ^^f < X ^)^) \ (310) 

s>0 V ^a 3 (A ) Xa s (Xs) / 

is integrable over (0, oo) 2 . 



Proof. Under the expectation in ( 3.10 ) we make a change of measure from the invariant distribution 



of X to the invariant distribution of Y, i.e., we replace E as by E fls and add a factor of p'(a s )/Yo. Fix 
1 < p < q < oo such that = + ~ = 1, apply Holder's inequality and use the stationarity of Y under 

P aa . This gives, for any t\,t 2 > 0, the bound 

H0^^)<-K>(m, (3.U) 
where the functions Wp^, Wq 2) : (0, 00) — > (0, 00) are defined by 



12 
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Hence, it suffices to show that the maps 

t^ e ast W^(t), t^e ast Wp(t), (3.13) 

are integrable at zero and at infinity, uniformly in s, for a suitable choice of p and q. In the proof of 
Proposition 4 in [vdHdHK97] we showed that Wp and Wq 2 \ with a s replaced by a*, are integrable 
at zero when p < q with p, q sufficiently close to 2. An inspection of the proof shows that they are 
actually integrable at zero uniformly in s. 

We will show that t i— > e^W^it) an d t i— ► e Qs *W^ 2) (^) are integrable at infinity uniformly in s. 
This will complete the proof because the left-hand side of ( |3. 11 ) does not depend on p, q. 

We use Proposition |2.2| with e = 1 together with the representations (recall ( 2.12] )) 



1 / r 00 1 
Wf\t) = ^==( dh-w(h,t) 2 ^ 



W?\t) 



dh hw(h, t) 



i 

2\ 2 



Using Q2.20p , the Cauchy-Schwarz inequality and the fact that ||efc||2 = 1, we estimate 



(3.14) 



K,i)iil £ e 

fel,fc2=0 



(a( fc i'+a( fc 2))(t-l) 



ft 



efc^MIKWI d/i r, i > 1. (3.15) 



Using the Cauchy-Schwarz inequality for the last integral, we obtain the bound 



K,i)l| 2 



In the same way, we find that 



W?\t) < 



K-,i) 



fc=0 



= a«(t-l) 



aW(t-l) 



Qk{h) 2 dh 



hek(h) dh\ , 



t > 1. 



t > 1. 



\/V(a s ) k=Q K Jo 
Substitute (^2^ - |2.24D into (|3.16H3~17|) and use that a (fc) < a (0) = -a**, to estimate 



(3.16) 



(3.17) 



(3.18) 



W 2 (1) (t) V W 2 (2) (t) < c e " a " (*- 2 ) ^ e --' fcf , t > 2. 

fc=0 

By (|2.22j ), the sum in the right-hand side converges. Since a s < a**, s > 0, is bounded away from 
a**, it is now obvious that the maps t *—> e^W^pif) and t *—> e^W^if) are integrable at infinity 
uniformly in s. □ 



4. Proof of Theorems 1.2-1.3 



In Sections 4.2-4.3 we give the proof of Theorems |1.2| -|L^ with the help of Propositions [3.1K3.2, In 



Section 4.1 we derive a technical proposition that is needed along the way. 



4.1 Growth rate of a restricted moment generating function 

Abbreviate -B[o,t] = {Bt '■ t £ [0>^]} f° r the range of the path up to time T. For T > and 
5, C G (0, oo], define events 

£(5;T) = {B m c[-5,Br + S\}, (4.1) 
£-(5,C;T) = { max L(T,x)<C, max L(T,x)<c\. (4.2) 

txe{-6,6] x£[B T -6,B T +8] ) 

In words, on £{b\ T) the path does not visit more than the ^-neighborhood of the interval between its 
starting point and its endpoint Bt-, while on £-(5,C;T) its local times in the ^-neighborhoods of 
these two points are bounded by C. Note that both £ (oo; T) and £-(6, oo; T) are the full space. 
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Proposition 4.1. Fix \i > —p(a**). Then, for any 5,C E (0, oo] there exists a constant K\(5,C) £ 
(0, oo) such that, for any fix — ► A* as ^ * 00 ; 

e p- 1 (-MT)T^^ e -i/ TeMT B T]l£((J)T)1 ^ (5)C;T)]1{B ^ o ^ =^(5,0 + 0(1). (4.3) 

Moreover, if fj, = a*6 solves 1(b) = fib — A + (/x), t/ien t/ie same is true u>/ien l{£ T >o} is replaced by 
^{B T ^bT}- 

Proof. We may assume that /j^ > —p(a**) for all T. Fix 5, C E (0, oo] and choose ax such that 
lit + p(«t) = 0, i.e., ax = p~ 1 (—pt) < a**. Clearly, limr-too a T = A 4 ) < a **- Since, on 

£(6;T) n < 25}, we can estimate 

^L(r,,)' 2 «(/ 5yLCr,,)) (4.4) 



we may insert the indicator of {Bt > 25} in the expectation on the left-hand side of Q4.3| ), paying 
only a factor 1 + o(l) as T — > oo. 

1. Introduce the following subsets of Cq ', respectively, C + (see below ( |3.1[ )): 

Gf c = {geC+:g(6)=0,maxg<C}, (4.5) 

F fC = \(y,f)eC + :y>25,m a xf<C max J<c\. (4.6) 



[0,5] " [y-<5/(/] 
Note that 

£ (<5; T) n ^ (5, C; T) n {£ T > 25} 

= {L(T, B T + •) € n {L(T, - •) G G| G } n {(Br, L(T, £ T - .)| [0 ,B r] ) G 



(4.7) 

Apply Proposition |3.1| for a = ax with F = i* 1 ^ and G + = G~ = to get 

/"OO /'OO 

l.h.s. of §J = (1 + o(l)) / dti / dt 2 l {4l+42 < T} e^( il+i2 ) 

JO •/ 

X ( C(X ) ^-^-^M}^^} (4.8) 

w g- (^r-t 1 -i 2) i 2)\ 

{max [A _i (T _ tl _ t2) _ JiA _i (T _ tl _ t2)] X<c} x aT (y T -ti-t 2 ) J ' 

2. In the case C = oo, the last two indicators vanish and we can identify the limit of the integrand 
as T — ► oo with the help of Lemma 2.1. Indeed, apply Lemma 2.1 for /(•) = WG s (-,ti) and g(-) = 
WG s {-,t2), where we put G$ = Gf^ = {g € Cq : g(5) = 0}. Then we obtain that the integrand 
converges to 

e a ^ +t ^(w G6 (-, tx), x a )-^—(w Gs (-, t 2 ), x a >o, (4.9) 
A* W 

where we also use that ^4 _1 (oo) = oo because X never hits (recall ( |2.7| )). According to Proposi- 
tion [T^, we are allowed to interchange the limit T — > oo with the two integrals over t\ and t 2 . This 
implies that ( fL3j ) holds with i^i(5, oo) identified as 

tfi&oo) = (^',x a )^(y^,x a ) , (4.10) 



where jja (h) is defined as (recall ( |3.1[ )) 

/■oo . . 

= / dte at w Gs (h,t) = ^(^W-ra*^). (4.11) 
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Trivially, K\{5, oo) > 0. Since ya < Ua, it follows from (|2.2[) and ( 2. 1€| ) that Ki(S, oo) < oo. 

3. Next we return to ( |4.8| ) and consider the case C G (0, oo). Note that the integrals over t\ and t 2 
can both be restricted to [0, CS], since w r ,< (h, t) = for t > CS as is seen from (|3.1|) and fl4.5|) . 

"iS.O — — 

Let us abbreviate s = T— 1± — t 2 . We first apply the Markov property for the process X at time 5 and 
integrate over all values z = A(S). Because of the appearance of the indicator of {max[o ;( 5] X < C}, 
we may restrict to z G [0, CS] (recall fl2.7| )). We note that the additive functional of the process 
(Xs+t)t>o given that A(S) = z, denoted by A = (A(t))t>o, is given by A{t) = A(t + 5) — z. Making 
the change of variables s = A(t) + z, we see that A~ 1 (s) = A~ 1 (s — z) + 5 for any s > 0. Defining 
/ S V (0,oo) 2 -> [0,oo) by 



w G ^(X ,t 



f t Mh,z)dhdz = x aT (h)E^ | s f {Xo) t {A -i is) > 2S} l{ max[os] x <. c yl {Xs &ih}*{A(S)edz} 1 . ( 4 - 12 ) 



(4.13) 



we thus obtain that the expectation under the integral in Q4.8D can be written as 

,w G ^ (X ,ti) w G <z (Y 3 ,t 2 ) 

E " ' Z(*o) ^W^V^A x<c) 1 {^ [A - HsW - Hs)] x<c) ZaYs) 

V X aT (X ) {max [A _ 1(s _ z) A _ 1{s _ z)+(5] X<c} X aT (X A -i {s _ z)+s ) 

(The tilde can be removed afterwards.) We next apply the Markov property for the process Y at time 
s — z (respectively, the strong Markov property for the process X at time A~ 1 (s — z)), to write 



where is defined by 



w G < (X s ,t 2 ) 



4. We want to take the limit s — > oo in ( P~HD (recall that s = T-t 1 -t 2 ) and use Proposition E7T 
Therefore we need dominated convergence. To establish this, we note that 

sup sup sup — - ' | = K < oo (4-16) 

h£[0,C] te[o,c&\ T>l x aT (h) 

(see (|2 . 1 7 - 2 . 1 9 ) and recall that x a is bounded away from zero on [0,(7] and continuous in a). By 
(|4.15| - ^T6[) , the last quotient in the right-hand side of ( [4.14 ) is bounded above by K. Substituting 
(14. 121) into (14.141) and using that w n < < w r + = w, we therefore obtain 

1 1 " ^6,0 

eh 



f (X z) 

integrand of r.h.s. of (Ell) < KE aT ( *' ' 
V x aT (X ) 



, ^ (f^TO^™^,*] *<c} VW^ >; (4.17) 

dz 

2 P ar (A(<5) G dz) 



It is easy to see from ( [2.9D that the right-hand side of ( (4.17|) is bounded uniformly in T > 1 and 
z G [0, C<5]. Therefore we have an integrable majorant for ( |4.14| ), which allows us to interchange the 
limit s — » oo with the integral over z. 
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5. In order to identify the limit as s — > oo of the integrand on the right-hand side of (4.14), we 
apply Lemma to see that this integrand converges to (f l1 (•, z), x a (-))-pj^(g t2 , x a ) , with f l1 and 
g t2 the pointwise limit of f^ T and , respectively: 

w G < (X ,ti) 

f*(h,z)6hdz = x a (h)E*( 1L { ^l {Xsedh} l {A{S)eAz} ) (4.18) 

w G < (X ,t 2 ) 

l {ra^ [0)S] X<c} Xa (X S ) 

Using this in ( |4.14| ) and interchanging the integral over z with the limit s — ► oo, we obtain that 

lim (l.h.s. of Q) = (/*i,x a )^i-( 5 t2 ,x a ) (4.20) 

with /*!(/») = tf 5 dzf*(h,z). 

6. Finally, recall that s = T — t\ — t 2 and that e a<ytl+t2 ^ times the left-hand side of ( ^4.13|) is equal 



g t2 (h)dh = x a (h)E a h lr )• (4-19) 



to the integrand on the right-hand side of ( [4.8[ ). According to Proposition 3.2, we are allowed to 
interchange the limit T — > oo with the two integrals over ii and £2- Hence we obtain that fl4.3|) holds 
with K\(5,C) identified as the integral over ti,t 2 of the right-hand side of ( 4.20| ), which is a strictly 
positive finite number. This proves the statement with the indicator on l{# T >o}- 

7. To prove the statement with 11| Bt>0 } replaced by l{£ T «bT}> we let fi = fif, solve 1(b) = fib—A + (p). 
The statement follows when we show that for every a S R, we have that 

e p-H-^)T E ^^ e -H TeM B T ^ (w]1 ^ ( ^ T)]1{B ^ o ^ = e ^ Kl{S ,C) + o(l) (4.21) 

for some o~\ 6 (0, oo). Indeed, ( 4 . 2 1| ) shows that i{| BT _ feT | >7TiBT>0 } is asymptotically negligible for 
any 7^ such that jt/VT — ► 00. 

In order to prove ( f4.21| ), we rewrite the left-hand side as 

e^-rt-'- 1 *-^^^ (4.22) 

where // aj T = M + 775?- Clearly, |U 0) y — ► /i, so that the second factor converges to K%(S,C). We are 
therefore left to compute the exponential. We note that since \i = solves 1(b) = fib — A + (p), we 
have that p'(-pb) = 1/6. Therefore, 

Therefore, 



e [p" 1 (-M)-p- 1 (-/ia,T)]T-a6Vf = e 4i^p- 1 (-f) (1 + o(1))j (4 . 24) 

which completes the proof with a\ = — p~ x (— p^) ■ □ 



4.2 Proof of Theorem |P|(i-iii) 

STEP 1. For any p > —p(a**), the limit in ( |1.7|) exists and equals A + (p) = —p~ 1 (—p). On 
(— p(a**), 00), the function A + is real- analytic and strictly convex, and satisfies lim^„p( a **)(A + )'( / u) = 
6** . 
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Proof. Fix p > —p(a**), apply Proposition [O] with 5 = C = oo, and use the continuity of p, to 
obtain that the limit in the definition of A. + (p) in ( |1.7[) e xists and equals —p~ 1 (—p). This proves the 
first assertion. The remaining assertions follow from fl2.3| - |2.5| ). □ 



In the following step, we consider paths that never go below —5, have local times that are bounded 
by C in the ^-neighborhood of the starting point 0, and have the endpoint Bt close to 0. Recall that 
7t is a function that satisfies jt/T — ► and jt/VT — > oo as T —> oo. 

STEP 2. For any 5 G (0,oo) and C G (0, oo], 

E (<=~ HTI W|0, W ]>V M HT,,<a}) >e-»"^», T^oo. (4.25) 

Proof. Pick a = a** and apply Proposition [O] for 

i 7 = F s ,c = {(y,f)£C + :y<5, max / < C}, G + = C+, G~ = Gf c (4.26) 

[y-S,y] 

(recall ([4.5|)). Note that the event under the expectation on the left-hand side of ( |4.25| ) contains the 
event 

{L(T, B T + -)e C+} n {(B T , L(T, B T - •)) G F 5 , c } n {L(T, -•) G Gf c }. (4.27) 
Also note that e -p( a **) B T < 1 when B T > because p(a**) > 0. Therefore we find 

f'OO f'OQ 

l.h.s. of (pD > / dti / dt 2 l {il+i2 < T} e- a " s 



(4.28) 



where we again abbreviate s = T — t% — £2- Next we interchange the two integrals, restrict the 
integral to [0,8] and the ti-integral to [T — t2 — 8,T — £2]) estimate A _1 (s) < A -1 (6) for s < 5, and 
integrate over s = T — t± — t2, to get 

l.h.s. of (B ) 



> Tdt r d ,E^r w( ^ T - t2 - s) ii 11 "W^K (429) 

Now we use Proposition ^[^(i) to estimate u;(A"o,T — s — £2) > e _a ** T+0 *- T \ uniformly on the domain of 
integration. The remaining expectation on the right-hand side no longer depends on T and is strictly 
positive for any 5 G (0, 00) and C G (0, 00]. □ 

STEP 3. A+ equals -a** on (-00, -p(a**)]. 

Proof. For p < -p(a**), define A±(/u) and At(/z) as in (|1.7|) with lim replaced by liminf and 



limsup, respectively. Since A+ is obviously non-decreasing, we have A^(/i) < A + (— p(a**) + e) for 
< —p(a**) and any e > 0. Using Step [l] and the continuity of p, we see that lim £ ^o A + (— p( a **) + e ) = 
— /9 _1 (/o(a**)) = —a**, which shows that At(/Li) < —a**. In order to get the reversed inequality for 
Al (//), bound 

£( e -^e^l {BT > 0} ) > ^(e- HT e^ T ll { B T6[ o )7r ] } ) > e ^^(e- Hr l {BT6[0 , 7r ] } ) , (4.30) 

take logs, divide by T, let T — > 00 and use Step |2[ to obtain that Al(/Lt) > —a** . Since Alt < A+, this 
implies the assertion. □ 



STEP 4. A+(/u) = i,u 2 + O^" 1 ) as /z -> 00. 
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Proof. According to Step[l], we have A. + (p) = —p~ l (—p) for p > — p(a**). Hence, in order to obtain 
the asymptotics for A + (p) as p — > oo, we need to obtain the asymptotics for p(a) as a — > — oo. In the 
following we consider a < 0. 

We use Rayleigh's Principle (see [ G81 , Proposition 10.10]) to write (recall ( |2.1| )) 

p(a) = sup (IC a x,x) 

xetfnC*-. \\x\\ 2 =l /- „ n 

sup / °° [ - 2hx'(h) 2 + (o/i - h 2 )x(h) 2 ] dh. [ 6 ' 

xeL 2 nc 2 -. |N| 2 =i 

Substituting x(/i) = (— a)^y((— a)z /t), we get 

p(a) = (-a)2 sup / [-2hy'(h) 2 - {h + h 2 (-a)-2) y (h) 2 ] dh. (4.32) 

yeL 2 nC* 2 : |] 2 =i V o 

Hence, we have the upper bound p(a) < V(— a) 2 with 



V= sup / [-2hy{hf-hy{h) 2 ] dh. (4.33) 

j/eL 2 nc 2 : \\y\\ 2 =iJo 

By completing the square under the integral and partially integrating the cross term, we easily see 
that y*(h) = ^=e~ h ^ is the maxnnizer of flp3j ) and V = -y/2. Substituting y* into flOg) , we can 
also bound p(a) from below: 



Therefore, 
Consequently, 



p(a) > ->/2(-a)3 - (-a)- 1 / h 2 y*(h) 2 dh. (4.34) 

■/ o 

/o(a) = -y/2(-a)% +0(\a\~ l ), a ^ -oo. (4.35) 



A + (p) = -p- 1 (-p) = ^p 2 + 0(p- 1 ), p^oo. (4.36) 

□ 



Steps [l], ^ and |2| complete the proof of Theorem |1.3| (i-iii). 



4.3 Proof of Theorem \Lg and |l.3|(iv) 

For define I -(b) and I+(b) as in (|1.4| ) with lim replaced by limsup and liminf, respectively. 



STEP 5. For any b > b** , the limit in ( |1.4| ) exists and (1.8) holds. 

Proof. Fix 6 > 6**. 

1. To derive '>' in ( |l.§| ) for i_ instead of I, bound, for any p E M, 

S( e - HT 1 { | BT - 6 T|< 7T} ) < e-^ + l^^i?(e-^ e ^ll {|BT _ 6r| < 7T} ) 

< e-^ T+ l^^(e- HT e^ll {BT >o } ), 

where the last inequality holds for any T sufficiently large because 7t/T — > as T — » oo. Take logs, 
divide by T, let T — > oo, use (|1.7|) and minimize over ft G 1, to obtain 



-/_(&) < mm[-pb + A + (p)\. (4.38) 
This shows that ' > ' holds in (|1.8|) for / replaced by I_ . 
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2. To derive '<' in bound, for any // G R, 

E{e~ HT l { \B T -bT\< lT }) 

> E(e- HT t S{S ,T^{\B T -bT\<7T} 1 {B T >0}) ( 4 ' 39 ) 

> e -„&T-M7T P MT(| Br _ ^ < lT )E{e- HT e» BT l £{ s,T)K { B T > })i 

where P^^' T denotes the probability law whose density with respect to P is proportional to 

3. Let /it be the maximizer of the map /j, >—>■ ph — A + (fi). (Note that, by Step |], the maximizer is 
unique and is characterized by (A + )'(/ib) = b.) Next we argue that 

lim P^ T (\B T - bT\ < 7t) = 1. (4.40) 
Indeed, pick et = 7r/cT > (with c > to be specified later) and estimate 

\B T > bT+lT} < e ^T-&T- 7T ] (4 41) 

This implies, with the help of Step [l] and Proposition 4.1 with \it = \x + ex, C = oo, that 



P Hb,6,T( BT > bT + < e -eT[bT+ lT ] e [A+( Pb +e T )~A+( Pb )]T^ + Q ^ T — ► CO. (4.42) 

A Taylor expansion of A + around Hb, in combination with the observation that (A + )'(fj,b) = b and 
c = (A + )"(/ife) > 0, yields that the right-hand side of (|4.42| ) is equal to 



e f4T[i+0( £T )]- ET7T =e -^-[i+0(^)] j t^cx). (4.43) 

The right-hand side vanishes as T — ► oo because jt/T — > and ^t/VT — * oo. This shows 
that limx^oo P^ b ' S ' T (Bt > bT + jt) = 0. Analogously, replacing et by — et, we can prove that 
limr^oo PM> S > T (B T <bT - 7T ) = 0. Hence, ( pUCl) holds. 

4. Use (]4.4Q|) in (|4.39 ) for /x = take logs, divide by T, let T — > oo, and use Step [l] and 



Proposition [O], to obtain 

-J+(6) > -^6 + A + (/i b ) = -max[^6- A+ (//)]. (4.44) 



This shows that '<' holds in (pT78| ) for / replaced by I + . Combine ( ^.38| ) and ( |4.44| ) to obtain that 



I_ = J = 1+ and that (|L8|) holds on (6**, oo). □ 

STEP 6. For any b>0, I_(6) > -6p(a**) + a**. 
Proof. Estimate 

i { |B T -6T|< 7T} < \B T < hT+lT} < e-^"^- bT -^\ (4.45) 
to obtain, for T sufficiently large, 

Ele~ HT \ BT _ vr \< yr -A < 2EU- HT l { \ BT _ bT \< lT} l {BT >Q } \ 

z \ (4.46) 

< 2e bp(a ** )T+7Tp(a " ) J B(e- HT e~ p(a ** )BT ]l {BT > 0} J. 

According to the definition of A + in ( |1.7| ), the expectation in the right-hand side is equal to 
e A+(- P (a**))T+o(T)_ We therefore obtain that 1(b) > -bp(a**) - A+(-p(o**)). Now Step | concludes 
the proof. □ 



STEP 7. For any < b < b** , /+(&) < -bp(a**) + a**. 
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Proof. Fix < b < b**, pick b' > b** and put a = b/b' G [0, 1). We split the path (B 3 ) se[0tT] into two 
pieces: s £ [0,aT] and s S [aT, T]. First we bound from below by inserting several indicators: 

E( e ~ Hj "&{\B T -bT\<j T } 

>E[e Ht 1/ir ^-j/n-TK^ml r -ill 



{\B aT -yaT\< jT /2}^ m3X[0 aT] B < BaT+ s} \ ^ [BaT _ s ^ T+s] L(aT,.)<c} (^) 
X 1 {|S (1 _ Q )Tl<7T/2} 1 { mi n [0 , (1 _ a)T] B>-5]} 1 {max [SaT _ iiflQT+ 5 ] Z((l- a )T,0<C' 

Here, (-B s ) s e[o,(i- a )T] is the Brownian motion with i? s = B a x+ S — B a x, and L((l — q)T, x) = L(T, x) — 
L(aT,x),x £ M, are its local times. 

On the event under the expectation in the right-hand side, we may estimate 

rB aT +S 

H T = H aT + H (l _ a)T + 2 / L(aT, x)L((l - a)T, x) dx < H aT + H {1 _ a)T + 45C 2 , (4.48) 

JB aT -S 

where H(i_ a }j> denotes the intersection local time for the second piece. Using the Markov property at 
time aT, we therefore obtain the estimate 

e( e~ HT l 



{\B T -bT\< lT } 

>e- 4 ^Ve-"-i { | BQT _^ T |< 7T/2} ^ (4.49) 
x E{ e^-^llr, , , i 11 r ,i Hi 



{\B {1 - a)T \<lT/2} {mm [0 , (1 _ a)T] B>-6} {max^j L({l-a)T,-)<c) 

(The tilde can be removed afterwards.) Now use Proposition |4.1| (in combination with an argument 
like in parts 2-3 of the proof of Step ||) for the first term (with T replaced by aT) and use Step || for 
the second term (with T replaced by (1 — a)T), to conclude that 

1(6) < al(b') + (1 - a)a** = y (l(b') - a**) + a**. (4.50) 

Let b' I b**, use the continuity of I in 6**, and note that I(b**) - a** = -b**p(a**) by Step |, to 
conclude the proof. □ 



STEP 8. Theorems [T| and\L^(iv) hold. 



Proof. Steps [l] and |5] allow us to identify / on (6**,oo) as 1(b) = —bp(ab) + a b , where a b solves 
p'(a b ) = 1/6 (the maximum in ( |1.8| ) is attained at p = —p(ab)). From this and (|2.3|-|2.5|) it follows 
that 

I'(b) = -p(a b ), I"(b) = -p\a b ) ±a b = > 0, 6>6**. (4.51) 

db P (a b ) 

In particular, / is real-analytic and strictly convex on (6**,oo). Since a b ** = a**, it in turn follows 
that 

min/(6) = min 1(b) = I(b*) = a*, (4.52) 

f>>0 b>b** 



where a* solves p(a*) = (the minimum is attained at 6* = l/p'(a*)). This, together with Steps Im- 
proves Theorem p^(i-iii). 

Step || shows that ( |1.8[ ) holds on (6**, oo). To show that it also holds on [0, 6**], use Step || to get 
-bp(a**) + a** = max[bp - A + (p)], < 6 < 6**, (4.53) 
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since the maximum is attained at p = —p{a**). Recall from Steps that the left-hand side is equal 
to 1(b). Thus we have proved Theorem |1.3|(iv). 



Finally, Theorem 1.2(iv) is an immediate consequence of Theorem |1.3|(iii-iv). 



□ 



5. Addendum 1: An extension of Proposition 4.1 



At this point we have completed the proof of the main results in Section |l[ In Sections [5]-|6] we 
derive an extension of Proposition 4.1 that will be needed in a forthcoming paper [vdHdHK02|. In 
that paper we show that several one-dimensional polymers models in discrete space and time, such as 
the weakly self-avoiding walk, converge to the Edwards model, after appropriate scaling, in the limit 
of vanishing self-repellence. The proof is based on a coarse-graining argument, for which we need 
Proposition [O] below. 

Recall the events in (4.1-|4.2j). For 5 G (0, oo),a £ [0, oo), define the event 



£ 



-(S,a;T) = { 



max 

x&[B T -S,B T +5] 



L(T,x) > a<H}. 



Note that £ ^ (6, 0; T) is the full space. 



(5.1) 



Proposition 5.1. Fix p > —p(a**). Then: 

(i) For any 5 € (0, oo) and a £ [0, oo) there exists a 1(2(8, a) £ (0, oo) such that 

e^ 1 (-^ r £;( e -^ e ^]l f((5iT) ^> (5iQ;T) ll {i?T > 0} ) = K 2 (8,a) + o(l), T 

(ii) For any a £ (0, oo), 

hm — — = 0, 

<5|o K\(8, oo) 



oo. 



(5.2) 



(5.3) 



where Ki(6,oo) is the constant in Proposition 4-1 (recall (|4.1C|) ). 



Proof, (i) As in the proof of Proposition 4.1, we may insert the indicator on {Bt > 25} in the 
expectation on the left-hand side of (|5.2| ) and add a factor of 1 + o(l). 

Introduce the following measurable subsets of Cq, respectively, C + : 



G 



> 

8, a 

> 



{g £ : g(8) = 0,max3 > aS 2}, 

max 
[0,5] 



F t = {(y,f)eC + :y>25,umxf>a8^}. 



Note from (gj) and that 

£(5; T) n£- {8, a; T) n {B T > 26} = {L(T, - •) € G s }n 
{L(T,B T + •) € Glj U \{(B T ,L(T,B T - .)\ [0jBt] ) G F|j n {L(T,B T + •) € G s } 



with G s = {geC+: g(5) = 0}. 



(5.4) 
(5.5) 



(5.6) 



Pick a € K such that fi + p(a) = 0, i.e., a = p l {—p) < a**. Apply Proposition twice for 
G~ = G s and the two choices: (1) F = Ff a , G+ = G s ; (2) F = C + , G + = Gj a . Sum the two 
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resulting equations, to obtain 

poo pc 
l.h.S. of §3) = (l+o(l)) / dtl / 

Jo Jo 



dt 2 l {tl+t2 < T} e a ^ 



x E a 



WG S {Xg,t{) 

w r > (X ,ti) 

+ 



1 {A- 1 (T-ti-t 2 )>25}l| maX[o5]X > a5 -i| 



WGj(ir-ti-t 25 <2) 



(5.7) 



z a (X ) J x a {Y T ^ tl _ t2 ) 
In the same way as in the proof of Proposition 4.1, we obtain that (recall (f4.10( — ^TTT|) ) 



lim (r.h.s. of @) = if 2 (<5,a) 



with 



K 2 (o» 



a(y { a\X ) 



1, 



«) { 



max[Q ,5] A">«<5 2 



J p'(a) 



where is defined in ( 4.11 ) and is defined as (recall (3.1)) 

poo , 

yf a \h) = \ dte at w > (/i,t) =E^(e/o 00 [ a ^-(^) 2 ] d ^]l {x * =0} ]l 
The right-hand side of (|5.9|) is a strictly positive finite number. 



max^j] X*>aS 2 



(5.8) 
(5.9) 

(5.10) 



(ii) Fix a e (0,oo). From (ELTc|) and Q we see that if 2 (5, a)/Kx{5, oo) = K (1) (<5,a) + if (2) (5, a) 
with 



„ WM , Jo°° dfex a WyW(fe)Pg(max M X > o<H) , {x a ,y^ 

K K '{d,a) = , A w (d,a)- 



{x a ,ya S) ) 

To prove ([T^), we need the following lemma. 



(5.11) 



Lemma 5.2. Fix a < a** and a £ (0, oo). Then: 
(i) There exists d = d(a) > such that, for any R > and any 8 > sufficiently small, 

sup KfmaxJ>ar^ < ce^'V^, 

.(«,«), 



sup I^lIM < ce -d<r* e cV* 



(ii) For any <5 > sufficiently small, 



M y<?(h)>c 

h<=[0,8] 



Proof. The proof is deferred to Section |6|. 
We use Lemma IjO to show that 



limK w (5,a) = limK (2) (5, a) = 0, 
810 610 



(5.12) 
(5.13) 

(5.14) 
□ 

(5.15) 



which yields (5.3). 

First note that, with the help of ( |5.14| ), the common denominator in ( |5.11 ) may be estimated from 
below by 



(x a ,y™) > / dhx a (h)yW(h) > c / dhx a (h) > c5, 



(5.16) 
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where we use that x a is bounded away from zero on [0, 6]. 

In order to estimate the numerator of K^(8, a) from above, we split the integral in the numerator 
into two parts: h < R and h > R. In the integral over h < R, estimate y^ < y a and use ( 5.12| ), to get 



the upper bound ce dS 3 e c ^. In the integral over h > R, estimate y^ < y a , estimate the probability 

3 j 

against one and use fl2.2|) and ( ^.16|) , to get the upper bound ce~ cR ^ . Pick R such that cyR = f<5~*, 

d - 1 

to obtain that the numerator of -ftT (1) (5, a) is at most ce~z s 71 . 

In the same way we show, with the help of ( |5.13| ), that the numerator of K <2) (5, a) in ( |5.11| ) is at 

, _ i 

most ce~z s 3 . Now combine the two estimates with ( |5.16 ) to obtain ( |5.15| ). □ 



6. Addendum 2: Proof of Lemma 

We will need the following asymptotics for x a and y a , which are refinements of (2.2) and ( 2.1 6| ) , 
respectively. 

STEP 1. Fora< a**, 

lim -±=log[e^ h K a (h)] = lim -^log[e^ fcl y B (fc)] = ± (6.1) 



Proof. The statement for y a is well-known, and follows from ( 2.15| ) together with the asymptotics of 
the Airy function given by (see [ E56| , p. 43]) 

1 



Ai(h) = r e"3' l2 [l + (l)], h^oo. (6.2) 

2vr/i4 

To prove the statement for x a , use |CL55| , Theorem 2.1, pp. 143-144]. To this end, define 

Ci(fc) =x a (h 2 ), ( 2 (h) = h- 2 (' 1 (h). (6.3) 



Then the eigenvalue equation )C a x a = p(a)x a (recall (|2J|)) can be written as (see also flCL55| , equation 
(5.3)]) 

('(h) = h 2 B(h)((h), (6.4) 



ClW A T3fU\ _ ( 



with 

« fc > = Uwj- B <"> = U i + ^i 4 )■ 

Note that B{h) = X^r^=o h~ n B w (B m ^ 0) is a convergent power series in h~ l , with S (0) having 
eigenvalues Ai^ = ±\/2. Therefore ( |6.4D has formal solutions of the form 

Z(h) = P{h)h R e Q{h \ (6.6) 



where the columns of the matrix Z are the two linearly independent solutions to Q6.4j ), P(h) = 
^^=o h~ n P (n) (det(P (0) ) 7^ 0) is a formal power series in h , R is a complex diagonal matrix, and 
Q(h) = |/i 3 Q (0) + \h 2 Q w + hQW is a matrix polynomial with Q m , Q (2) diagonal. In our case, 

Q<°> = diag{-^2,+V^}, Q m = 0, Q< 2 > = diag{^,-^}. (6.7) 



From the proof of [|CL55 , Theorem 2.1] it follows that P(h),R, Q{h) can be chosen to be real, because 



B{h),\i,\<2, are real. On CL55| , p. 151] there is the further remark that for every formal solution 



there exists an actual solution with the same asymptotics. 
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We need the solution that is in L 2 [0, oo). By construction, we compute, for R = diag{n,r2} (with 
r\ , T2 some functions of a) , 

kri£ 3 ^ . • (6-8) 

h r2 e 3/1 3* h J 

Therefore the solution in L 2 [0, 00) must be 

C(h) = h^ h3+ ^ h Y;h- n ( % ), (6.9) 



n=0 

>(») 
ij 

to (|6.3|) to read off the claim. □ 



where P^j 1 denotes the element in the i-ih row and the j-th column of the matrix P (n) . Now return 



Pick a' such that a < a' < a** and define (recall (fO|)) 



STEP 2. For are?/ h>0, (Mf)t>Q is a martingale under P^. 

Proof. Fix < s < t. If cj) s denotes the time-shift by s > (i.e., {<j> s o f)((X t )t>o) = f((X s+t )t>o) 
for any bounded and measurable function /), then it is clear that M t = M s ((f) s o M t _ s ). Hence, using 
the Markov property at time s, we see that, for any h > 0, 

E a h (M t I M s ) = M s E a h {<f> s o M t . s I M a ) = M s E£(l Xs (M t _ s )). (6.11) 

Now use that, for any x > 0, according to the construction of the transformed process in (|2.9| - |2.10|) , 

E a x (M t ^ s ) = E X (D^ S M^ S ) = E x (D^l) = 1. (6.12) 

□ 



STEP 3. Proof of (5.12) 



Proof. Use Step Doob's martingale inequality and ( |6.12|) , to obtain 

Pi ( maxM > K) < 4 max Ei(M t ) = 4, h > 0, K > 0. (6.13) 

V [0,5] / K te[o,5] K 

Next note that by Step [l], for any R > 0, 

in f £l > e -«V5. ( 6 .14) 
[0,R] X / 



Substitute this into ( 6.1C| ), to get 



M t > c Xa '( Xt l e- cVn K-a.s., < t < 1, < h < R. 
x a {X t " 



(6.15) 



Pick g a : [0, 00) — > (0, 00) to be the largest increasing function not exceeding x a //x a anywhere on 
[0,oo). Then, by fl6l5p , M t > cg a (X t )e- cy/M P£-a.s., < t < 1, < h < R. Now use ( gig ) to 
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estimate, for < h < R, 



*t(maxX > a<H 



< 



^ (max cg a (X t ) > cg a (a5 2 



< P? max Aft > cg a [aS~* )e 
Vte[o,5] v 7 



cv^R 



1 



By Step it is possible to pick g a such that 

9a(h) > e~ 



cy/h 



This implies the bound in ( 5. 12f) with d(a) = \fa. 



h — ► 00. 



(6.16) 

(6.17) 
□ 



STEP 4. Proof of ( 5.13 ) 



Proof. Fix a < a**. Define 



D 



(a,*) = Va{Xt) C\aXt-(X*?\dv 



t > 0. 



(6.18) 



Then it is easy to check (see [RY94, Section VIII. 3]) that (D^ )t>o is a martingale under P£ for any 
h > (y a is a strictly positive solution to the differential equation 2y"(/i) = (h — a)y a (h) on [0, 00); 
recall ( |2.6D and ( |2 . 1 5| ) ) . Hence, analogously to ( [2.10D , we may construct a transformed process via 
a Girsanov transformation by taking D^' formally as a density with respect to BESQ . Denote by 
P^'* and E^'* probability and expectation with respect to this transformed process starting at h > 0. 

Recall that y a {0) = 1. We have the following representation for the function ya ,a ' > (recall fl5.1C| )): 

yf a \h) = y a (h)F%*(X% = 0,maxX* > oTi). (6.19) 



The proof of ( ^13|) is now analogous to Steps |^-||. Indeed, use ( |6.19| ), drop the restriction X5 = 0, 
and proceed analogously. Step [j] provides the necessary asymptotic bounds for y a and y a i, provided 
that a < a' < a**. □ 



STEP 5. Proof of (|5.14[) . 



Proof. We return to the right-hand side of ( [4.11| ) and obtain a lower bound by inserting the indicator 
of the event {maxl* < 25}. On this event, we may estimate the exponential from below by c. Hence, 
for < h < 5, 

yW (h) > cK (max X* < 25, X* s = 0) = c [W%(Xj = 0) - P£ (max X* > 25, X* 5 = 0)] . (6.20) 

Using the Markov property at the first time the BESQ hits 25, we see that the latter probability is 
at most P^X^ = 0). Since the first probability is decreasing in h, we therefore have the bound 

y<j?(h) > c(P$(X$ = 0) - Fh(X$ = 0)). (6.21) 



Now use that P£(X| = 0) = e' 11 / 26 for any h, 5 > (see |RY94| , Corollary XI(1.4)]), to complete the 
proof. □ 
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